Abstract. We prove that closed simply connected K-contact manifolds with minimal number of closed characteristics are homeomorphic to odd-dimensional spheres.
Introduction
A classical topological application of Morse theory states that an n-dimensional closed manifold admitting a Morse function with only 2 critical points is homeomorphic to the sphere S n . Since Morse theory has been extended into Morse-Bott theory with the notion of nondegenerate critical manifolds ( [BOT] ), it is quite natural to investigate the rigidity of the sphere using this generalized Morse theory. This is attempted in this paper, but only in the contact geometric setting. Besides Smale's homological characterization of the sphere S n , n ≥ 5, other "sphere theorems" have been obtained from some curvature restrictions (see [GOL] , [XIA] and references in there). From the contact geometric point of view ( [PAO] ), the sphere has been characterized as the only hypersurface in R 2n with codimension 1 isohelicoidal distributions. When nonintegrable, these distributions determine K-contact forms. The novelty of Theorem 1 in this paper is that it requires no curvature hypothesis at all; it somehow complements the results in [GOL] where mainly regular contact manifolds are dealt with, but a K-contact manifold doesn't necessarily carry a regular contact structure.
Let's start with the basic definitions that will be needed throughout this paper. A contact form on a 2n + 1-dimensional manifold M is a 1-form α such that the identity α ∧ (dα) n = 0 holds everywhere on M . Given such a 1-form, there is always a unique vector field ξ satisfying α(ξ) = 1 and i ξ dα = 0. The vector field ξ is called the characteristic vector field of the contact form α and the corresponding 1-dimensional foliation is called a contact flow. A contact form is called almost regular when its characteristic vector field is almost regular, that is: each point in M belongs to a flow box pierced by the flow only a finite number of times. This implies that if M is compact, all leaves 3346 PHILIPPE RUKIMBIRA are circles and by a theorem of Wadsley ([WAD] ), the leaves are orbits of a circle action on M . If this action is free, then the contact form is said to be regular. Also, the contact manifold (M, α) admits a nonunique riemannian metric g and a (1,1) tensor field J such that the following identities hold ( [BLA] ):
The tensors g, α, ξ and J will be referred to as structure tensors and g is called a contact metric adapted to α. When the characteristic vector field ξ is Killing with respect to a contact metric g, then the manifold is said to be K-contact. Kcontact structures have been widely studied in [BLA] and one of their characteristic identities is
where R is the riemannian curvature tensor given by the expression:
The odd dimensional sphere S 2n+1 carries K-contact forms with exactly n + 1 closed characteristics; these are obtained from perturbations of the canonical sasakian form on S 2n+1 ([RU2] ). We will prove that, in the simply connected category, the existence of a K-contact form whose contact flow has the minimum possible number of closed orbits characterizes the sphere up to homeomorphism.
Morse theory on K-contact manifolds
Let α, ξ, g be K-contact structure tensors on a closed manifold M of dimension 2n + 1. There exists a periodic Killing vector field Z commuting with ξ such that closed characteristics of α are exactly critical circles of the function S = α(Z). In [RU1] , Morse theory was carried out on sasakian closed manifold. Here, we present a similar application to K-contact, closed, not necessarily sasakian manifolds.
We now proceed to compute the hessian Hess S of S = α(Z) in directions perpendicular to a connected component N of the critical set of S. Let p ∈ N and v, w be tangent vectors perpendicular to N at p. We extend v and w into local vector fields V and W by parallel translation along geodesics emanating from p. In particular, the identities (∇V )(p) = 0 = (∇W)(p) are valid and will be used repeatedly as well as the identity ∇ X ξ = −JX valid on any K-contact manifold ( [BLA] ). The fact that Z is a Killing vector field commuting with ξ will also be used.
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Evaluating at p, we have obtained the identity:
Let α(Z)(p) = k and put Z = kξ + δ where δ is a Killing vector field vanishing all along N . Then points at which δ is zero lie on periodic orbits of ξ and one has the identity:
The tangent vector ∇ v δ is nonzero and perpendicular to N .
(2) The hessian Hess S of α(Z) along N satisfies
and is therefore nondegenerate in directions perpendicular to N .
Proof. The proof of assertion (1) is the same as in [RU1] . Now combining identities (2) and (3) and exploiting the tensor nature of R as well as the identity R(ξ, v)ξ = −v ( [BLA] , page 65) we see that:
It follows from Hess S (p)(v, J∇ v δ) = 0 that Hess S (p) is nondegenerate in directions perpendicular to N , which completes the proof of Lemma 1.
In general, for a smooth function f , the normal bundle νN of a nondegenerate critical manifold N is decomposed into positive and negative parts:
where ν + p N and ν − p N are the positive and negative eigenspaces of the hessian of f , Hess f . The fiber dimension of ν − N , denoted by λ N , is referred to as the index of N relative to f . A function f all of whose critical manifolds are nondegenerate is said to be a clean function. For a proof of the following proposition, we refer to [GST] . On a compact manifold X, Proposition 1 implies that a clean function has a unique minimum and a unique maximum.
Let θ − denote the orientation bundle of ν − N and
the Poincaré series of M . If one defines the Morse series ( [BOT] ) of a clean function f relative to the coefficient field R by:
where the sum runs over all critical manifolds of f , then the Morse inequalities hold:
The inequality (5) implies that M t (f ) majorizes P t (M ; R) coefficient by coefficient. Now as in [RU1] , we have the following:
Proposition 2. The function S = α(Z) is clean and each of its critical manifolds has even index.
Proof. By Lemma 1, each critical submanifold of α(Z) is nondegenerate. It remains to prove the assertion about even index. To that end, let v be any direction perpendicular to N at p. Then, using identity (2), we obtain:
This clearly establishes the fact that if Hess S is negative definite in the direction v, it is also negative definite in the direction Jv; hence the indices are all even.
Assume now that the closed K-contact 2n + 1-dimensional manifold M with a function α(Z) as in Proposition 1 has a finite number n+ 1 of closed characteristics, one for each even index 0, 2,...,2n. Let's denote the critical circles by N i ,
where λ Ni = 2i are even integers. But since for i = 0, 1, 2, ..., n, ν − N i is an orientable vector bundle over S 1 , one has:
Hence, using the notation b i (M ) for the dimension of H i (M ; R), the Morse inequalities (5) can be written as:
As a result, one has the following theorem:
closed K-contact manifold with n + 1 closed characteristics. Then each of the real Betti numbers of M
2n+1 is less or equal to 1.
Stratification for K-contact manifolds
Given a K-contact manifold M 2n+1 with n + 1 closed characteristics, N 0 , N 1 ,..., N n which are critical circles of a function α(Z) with index 0, 2, ..., 2n respectively, we shall denote by M 2k+1 , 0 ≤ k ≤ n, the closures of the sets {x ∈ M, lim t→∞ Ψ t (x) ∈ N k }, where Ψ t is the gradient flow for the function α(Z). For an arbitrary vector field Y on M 2n+1 , one has
Therefore, Ψ t is generated by the vector field JZ. For the argument to follow, we point out that ξ, Z and JZ are commuting vector fields. The subsets M 2k+1 constitute a stratification of M 2n+1 as follows:
and each M 2k+1 is a closed 2k+1-dimensional submanifold with k+1 nondegenerate critical circles for the restriction of α(Z).
Proposition 3. M
3 is a minimal submanifold, which is diffeomorphic to a quotient of the standard S 3 by an abelian finite group of isometries.
3 is spanned by the vectors JZ, ξ and Z −α(Z)ξ and is therefore J-invariant. This implies that M 3 is a K-contact invariant submanifold and it is known that contact invariant submanifolds are minimal ( [END] ).
Since M 3 supports an isometric flow with exactly two closed orbits, it follows from Carrière's classification of riemannian flows on compact 3-manifolds ( [CAR] ), that M 3 is diffeomorphic to either a quotient of S 3 under an abelian finite group of isometries or RU1] ) and hence M 3 must be diffeomorphic to a lens space.
Remark. It is possible that each M
2k+1 is a contact invariant, hence minimal submanifold of M 2n+1 .
A characterization of the sphere
The subsets M 2k−1 and N k are disjoint closed submanifolds of M 2k+1 , so each has a tubular neighborhood in M 2k+1 . In fact, one can find open neighborhoods U of M 2k−1 and V of N k such that M 2k−1 , N k S 1 and S 2k−1 × S 1 are deformation retracts of U , V and U ∩ V respectively. The Mayer-Vietoris sequence for the homology yields the following long exact sequence:
Proof. Writing the exact sequence (6) from * = 2 down to * = 1 yields:
Lemma 2 follows from exactness of the above sequence. Proof. We need only to prove H i (M 2k+1 ) = 0 for 2 < i ≤ k, the case i = 2 being covered by Lemma 2 and the cases i > k will follow from duality.
Writing the sequence (6) for 2 < i ≤ k yields the following:
This completes the proof of Lemma 3.
Theorem 2. Every closed simply connected K-contact manifold M
2n+1 with a finite number n + 1 of closed characteristics is homeomorphic to the sphere S 2n+1 .
3 is a homology sphere, it follows from Lemma 3 and induction on k that M 2n+1 is a homology sphere and thus, by Smale's solution to the generalized Poincaré conjecture ( [SMA] ), M 2n+1 is homeomorphic to S 2n+1 for n ≥ 2. The case n = 1 is covered by Proposition 3.
Remark. We have actually proved that if M 2n+1 is simply connected, then each of
Application to Brieskorn manifolds
Let N ∈ C 3 be a complex submanifold of complex dimension 2 and S 5 the standard sphere in complex 3-space. Suppose N intersects S 5 transversally in a differentiable manifold M = N ∩ S 5 . Then the restriction of the standard contact form on S 5 to M is a contact form on M ( [ABE] ). Assume now that the origin o is an isolated singularity of a polynomial f (z 1 , z 2 , z 3 ) and consider the compact 3-dimensional manifold N = f −1 (0) ∩ S 5 , where S 5 is the sphere of radius , centered at o. In [ABE] , it has been announced that these contact manifolds M are often nonregular and examples of polynomials f for which π 1 (M ) is finite nonabelian have been exhibited in there. Nevertheless, we prove that they are almost regular. Proof. Suppose M has a K-contact form which is not almost regular. By the structure Theorem 2.1 in [RU3] and Proposition 2 of this paper, M would carry a finite number of closed characteristics. By Proposition 1, there are exactly 2 closed characteristics which are critical circles of a clean function, one of index 0 and another one of index 2. Hence by Proposition 3, M would be homeomorphic to a quotient of S 3 under an abelian finite group of isometries, contradicting the hypothesis that π 1 (M 3 ) is not abelian.
